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Abstract
Some ground state static correlation functions for the 1/r2 exchange t − J model of
Kuramoto and Yokoyama are calculated exactly. The correlations calculated are the pair
distribution functions between two down spins, a down spin and a hole, and two holes, and
the one body density matrix (equal time retarded Green’s function) for holes.
PACS numbers: 05.30.d, 71.10.+x, 71.27.+a
It has now been established that the Calogero-Sutherland model provides an exactly solvable
example of one-dimensional anyon excitations [1,2]. This has been achieved by the exact calcu-
lation of some ground state correlations, which at rational coupling have been shown to involve
only a finite number of elementary excitations obeying anyon statistics [1-6]. Recently, Ha and
Haldane [7] have found that the supersymmetric 1/r2 exhange t− J Hamiltonian of Kuramoto
and Yokoyama [8] shares this latter property. As a consequence, the various static and dynam-
ical ground state correlations functions can be expressed as integrals over rapidity variables in
which the integrand has a compact support. However the explicit form of the integrand could
not be determined by the numerical methods used in [7].
In this Letter we will provide explicit integral representations for the down spin- down spin,
down spin- hole and hole-hole two-point correlation functions as well as the one-body density
matrix for holes. The calculation uses generalizations of integration techniques from the theory
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of random matrices [9] which were developed and applied by the present author to the study of
binary plasma systems [10,11] more than ten years ago.
The t− J Hamiltonian of Kuramoto and Yokoyama [8; see also 12,13] is
H = −
∑
i<j,σ
tijc
†
iσcjσ +
∑
i<j
Jij
(
~Si · ~Sj −
1
4
ninj
)
(1a)
where
tij = Jij =
(
π
M
)2 1
sin2 π(i− j)/M
, (1b)
M is the number of sites and double occupancy of the sites is implicitly projected out. Let
x1, . . . , xN↓ and y1, . . . , yN◦ specify the location of the down spins (↓) and holes (◦) respectively,
where
xα, yj ∈ {1, . . . ,M} (2)
Then the ground state wavefunction ψ0 is given by [8]
ψ0(x1, . . . , xN↓ ; y1, . . . , yN◦)
=
N↓∏
α=1
e−piixα
N◦∏
j=1
e−piiyj
∏
1≤α<β≤N↓
d2(xα − xβ)
∏
1≤j<k≤N◦
d(yk − yj)
×
N↓∏
α=1
N◦∏
j=1
d(xα − yj) (3a)
where
d(x) := 2 sin π(x− x′)/M (3b)
This same wavefunction is also the exact ground state of the 1/r exchange Hubbard model [14].
With xα, yj as continuous variables, we have previously [11] interpreted |ψ0|
2 as a generalised
binary plasma and calculated the two-particle distribution functions exactly. Use of the identity
∫ M
0
f(x/M) dx =
M∑
n=1
f(n/M) (4a)
whenever f has the Fourier expansion
f(x) =
N∑
k=−N
ane
2piikx, N < M, (4b)
shows that provided
2(N↓ − 1) +N◦ < M (5)
the ground state distributions of the continuous and discrete systems are the same. Assuming
(5), we can thus read off from [11] that in the thermodynamic limit the static ground state two
2
body correlations of (1) are
h◦◦(r) = −|
∫ 1
0
dt e2piiρ◦rt|2 −
ρ↓
ρ◦
∫ 1
0
dt
∫ 1
0
ds
1− 2s
2ρ↓t/ρ◦ + 1
(
e2piiρ◦r(s−1−ρ↓t/ρ◦) − e2piiρ◦r(s+ρ↓t/ρ◦)
)
(6a)
h↓↓(r) =
∫ 1
0
dt
∫ 1
0
ds
[
−
(t+ s+ ρ◦/ρ↓)
2
(2t+ ρ◦/ρ↓)(2s + ρ◦/ρ↓)
e2piiρ↓r(t−s)
+
(t− s)2
(2t+ ρ◦/ρ↓)(2s + ρ◦/ρ↓)
cos
(
2πρ↓r(t+ s+ ρ◦/ρ↓)
)]
(6b)
h◦↓(r) = −2
∫ 1
0
dt
∫ 1
0
ds
t+ ρ◦s/ρ↓
2t+ ρ◦/ρ↓
cos
(
2πρ◦r(ρ↓t/ρ◦ − s+ 1)
)
(6c)
where r is an integer and
ρ◦ := N◦/M ρ↓ = N↓/M (6d)
The double integrals (6) all have compact support as anticipated by Ha and Haldane [7].
However, the forms of the integrands do not allow any immediate interpretation in terms of the
form factors for the elementary excitations. This is also true of the expressions obtained from
random matrix theory for the static two-body correlation of the Calogero-Sutherland model
at λ = 2 [15], which is the limiting case of (6b) when ρ↓ = 0. It wasn’t until the discovery
of a new integral representation [3] that an interpretation in terms of the form factors for the
elementary excitations became possible [1]. However, the formulas (6) are in a suitable form
to study analytic properties of the correlations. In particular, the asymptotic expansions of
(6) show a competition between the two periods 1/(ρ↓ + ρ◦) and 1/ρ↓ [11]. These periods are
exhibited in the plots of Fig. 1.
The integrals (6) were obtained by taking the thermodynamic limit of the finite system
expressions. For example, in the finite system [16]
h↓↓(r) =
1
N↓(N↓ − 1)
N↓∑
p=1
N↓∑
q=1
[
1−
(2N↓ +N◦ + 1− p− q)
2ei2pi(p−q)r/M
(2N↓ +N◦ + 1− 2p)(2N↓ +N◦ + 1− 2q)
+
(p − q)2 cos 2π(2N↓ +N◦ + 1− p− q)
(2N↓ +N◦ + 1− 2p)(2N↓ +N◦ + 1− 2q)
]
(7)
It is also possible to calculate the density matrix (i.e. equal time retarded Green’s function)
for the down spins, −iG↓↓(x − x
′) say. This quantity, having no classical analogue, wasn’t
considered in [11]. In a system with N↓+1 down spins, N◦ holes and the inequality (5) obeyed,
−iG↓↓(x− x
′) = C
N↓∏
α=1
N◦∏
j=1
∫ M
0
dxα
∫ M
0
dyjψ0(x, x1, . . . , xN↓ ; y1, . . . , yN◦)
×ψ0(x
′, x1, . . . , xN↓ ; y1, . . . , yN◦) (8)
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The normalization C which is given explicitly in [11; see also 17], is chosen so that −iG↓↓(0) = ρ↓.
It will be convenient below to use the symbol C to denote the normalization in this sense, even
though its value may change due to the manipulations.
From (8)
G↓↓(x− x
′)
= C(−1)x−x
′
e−pii(2N↓+N◦)(x+x
′)/M

 N↓∏
α=1
∫ M
0
dxαe
−2piixα(2N↓+N◦)/M


×

N◦∏
j=1
∫ M
0
dyje
−2piiyj(N↓+N◦)/M

D(w,w′, w1, . . . , wN↓ ; z1, . . . , zN◦) ∏
1≤j<k≤N◦
(zk − zj)(9)
where
D(w,w′, w1, . . . , wN↓ ; z1, . . . , zN◦)
=
∏
1≤α<β≤N↓
(wβ − wα)
4
N↓∏
α=1
N◦∏
j=1
(wα − zj)
2
∏
1≤j<k≤N◦
(zk − zj)
2
×
N↓∏
α=1
(w − wα)
2(w′ − wα)
2
N◦∏
j=1
(w − zj)(w
′ − zj) (10)
with
wα = e
2piixα/M and zj = e
2piiyj/M
Next we recall from [11] that (10) can be expressed as the confluent alternant determinant
1
w − w′
det


1 w1 w
2
1 · · · w
2N↓+N◦+1
1
0 1 2w1 · · · (2N↓ +N◦ + 1)w
2N↓+N◦
1
...
...
...
. . .
...
1 wN↓ w
2
N↓
· · · w
2N↓+N◦+1
N↓
0 1 2wN↓ · · · (2N↓ +N◦ + 1)w
2N↓+N◦
N↓
1 w w2 · · · w2N↓+N◦+1
1 w′ w′2 · · · w′2N↓+N◦+1
1 z1 z
2
1 · · · z
2N↓+N◦+1
1
...
...
...
. . .
...
1 zN◦ z
2
N◦
· · · z
2N↓+N◦+1
N◦


(11)
and that by the Vandermonde expansion
∏
1≤j<k≤N◦
(zk − zj) =
N◦!∑
j=1
ǫ(P )
N◦∏
j=1
z
P (j)−1
j (12)
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Since both (11) and (12) are antisymmetric in {z1, . . . , zN◦} we can replace the l.h.s. of (12)
in (9) by
N◦∏
j=1
zj−1j (13)
which is the diagonal term on the r.h.s. of (12). The integrations over zj can now be done
row-by-row in the determinant (11). The columns N↓ + 2 to N↓ +N◦ + 1 inclusive of the final
N◦ rows are then diagonal. Expansion by these columns, use of the definition of the remaining
determinant, and manipulation as in [11] gives
−iG↓↓(x− x
′)
= C(−1)x−x
′
e−pii(2N↓+N◦)(x+x
′)/M
(2N↓+2)!∑
P=1
P (2α)>P (2α−1)
ǫ(P )e2pii(P (2N↓+1)−1)x/Me2pii(P (2N↓+2)−1)x
′/M
×
N↓∏
α=1
(P (2α) − P (2α− 1))
∫ M
0
dxα e
2piixα(P (2α)+P (2α−1)−2N↓−N◦−3)/M (14)
For non-zero contribution to the sum over permutations in (14) we require
P (2α) + P (2α− 1) = 2N↓ +N◦ + 3 (15)
for α = 1, . . . , N↓. Furthermore, since P (2α) > P (2α − 1), we must have
P (2α− 1) ∈ {1, . . . , N↓ + 1} and P (2α) ∈ {N↓ +N◦ + 2, . . . , 2N↓ +N◦ + 2} (16)
Setting
P (2N↓ + 1) = p and P (2N↓ + 2) = 2N↓ +N◦ + 3− p, p ∈ {1, . . . , N↓ + 1} (17)
we see that
N↓∏
α=1
(P (2α) − P (2α− 1)) =
∏N↓+1
j=1 (2N↓ +N◦ + 3− 2j)
2N↓ +N◦ + 3− 2p
(18)
and is thus independent of the particular permutation. Hence, after minor manipulation, (14)
gives
− iG↓↓(x− x
′) =
C(−1)x−x
′
sin 2π(x− x′)/M
N↓+1∑
p=1
sin
(
π(2N↓ +N◦ + 3− p)(x− x
′)/M
)
2N↓ +N◦ + 3− 2p
(19)
In the thermodynamic limit this becomes
− iG↓↓(x− x
′) =
(−1)x−x
′
π(x− x′)
∫ 1
0
sin
(
π(2ρ↓t+ ρ◦)(x− x
′)
)
ρ◦/ρ↓ + 2t
dt (20)
where C has been chosen to give the correct normalization.
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With ρ◦ = 0 (20), apart from the sign (−1)
x−x′ , reduces to the known expression [15] for
the equal time Green’s function of the Calogero-Sutherland model at λ = 2. A double integral
representation is also known [3]. The resulting integral identity allows us to express (20) in
terms of double integrals:
− iG↓↓(x− x
′) = (−1)x−x
′
[
(ρ↓ + ρ◦/2)I
(
(ρ↓ + ρ◦/2
)
(x− x′))− (ρ◦/2)I
(
ρ◦(x− x
′)/2
)]
(21)
where
I(x) :=
1
8
∫
[−1,1]2
dv1dv2
|v1 − v2|
(1− v21)
1/2(1− v22)
1/2
eipix(v1+v2) (22)
Since (21) is the difference of two double integrals, it is not immediately clear how the integrand
in (22) is related to the form factor.
In summary, we have calculated some static ground state correlations for the 1/r2 exchange
t − J model. Our final expressions, as given by (6) and (20), are in terms of the double inte-
grals over regions with compact support. A complete interpretation in terms of the elementary
excitations remains, although the feature of the double integrals having compact support was
anticipated by Ha and Haldane [7].
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